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A theory of semiﬂows with a discrete acting topological semigroup was developed in
the 2000 paper by D. Ellis, R. Ellis and M. Nerurkar (2000) [3]. A theory for the case
of an arbitrary acting topological semigroup has still to be developed. This paper can be
considered as the beginning of an attempt in that direction.
We introduce the notion of the envelope of a g-syndetic subsemigroup of the acting
topological semigroup in a semiﬂow and prove various properties of this notion. We give
some examples and deduce some statements from other papers as corollaries of our
statements.
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1. Introduction and preliminaries
In our notation N = {0,1,2, . . .}, N∗ = {1,2,3, . . .}. All topological spaces are assumed to be Hausdorff. All the notions or
facts that we used but did not deﬁne or state in this paper can be found in [3], [4] or [5].
A nonempty set T with an associative binary operation is called a semigroup. If in addition there is an identity element
for the operation, then T is called a unital semigroup. (In the literature it is more often called a monoid.) The operation
is usually denoted by ·, which is often omitted. The identity element is usually denoted by e. For any a ∈ T , the map
La : T → T , t → at (resp. Ra : T → T , t → ta) is called a left translation (resp. right translation) by the element a.
A topological semigroup (resp. topological unital semigroup) is a semigroup (resp. unital semigroup) T equipped with
a Hausdorff topology such that the operation on T is jointly continuous.
Deﬁnition 1.1. A subset of a topological semigroup T is said to be syndetic if there is a compact subset K of T such that for
every t ∈ T there is a k ∈ K with kt ∈ A. Equivalently, T =⋃k∈K L−1k (A).
Deﬁnition 1.2. A subset A of a topological semigroup T is said to be g-syndetic if there is a compact subset K of T such
that T = K A.
Remark 1.3. (i) Let T be a topological group. Then a subset K of T is compact if and only if the subset K−1 is compact.
Hence, a subset A of T is syndetic if and only if it is g-syndetic.
(ii) There are many examples of semigroups with sets which are syndetic, but not g-syndetic. For example, N∗ is syndetic
in (N,+), but is not g-syndetic. There are also examples of semigroups with sets which are g-syndetic, but not syndetic. For
example, N∗ is g-syndetic in (N, ·), but is not syndetic.
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292 A. Miller / Topology and its Applications 158 (2011) 291–297(iii) If T is a left zero topological semigroup (i.e., xy = x for all x, y ∈ T ), then every nonempty set is syndetic. If T is
a right zero topological semigroup (i.e., xy = y for all x, y ∈ T ), then the only syndetic set is T . There are no g-syndetic
subsets of an inﬁnite left zero topological semigroup.
(iv) However, there are some important, natural situations where a subset of a topological semigroup is at the same time
syndetic and g-syndetic. For example:
• any syndetic subset of a topological group;
• the unital subsemigroup nN = {0,n,2n, . . .} of the unital additive semigroup N;
• the unital subsemigroup rN = {0, r,2r, . . .} of the unital additive semigroup [0,∞). (Here r > 0 is a real number.)
The theory that we develop in this paper will hold in these three and possibly some other important situations. Thus we
can unify various statements that hold in any of these situations.
Deﬁnition 1.4. Let X be a set and T be a semigroup. A semigroup action of T on X is a mapping π : T × X → X , such that
π
(
s,π(t, x)
)= π(st, x)
for all s, t ∈ T , x ∈ X . If T is a unital semigroup, with identity e, then a unital semigroup action of T on X is a semigroup
action π : T × X → X , which also satisﬁes
π(e, x) = x
for all x ∈ X . If T is a group, then a unital semigroup action of T on X is called a group action of T on X .
We usually write t.x or tx instead of π(t, x). The conditions from the above deﬁnition then have the following forms:
s.(t.x) = (st).x,
e.x = x.
If A ⊂ T and Y ⊂ X , we denote AY = {ay | a ∈ A, y ∈ Y }.
Deﬁnition 1.5. A semiﬂow (resp. unital semiﬂow) is a triple (X, T ,π), where X is a Hausdorff topological space, T is a
Hausdorff topological semigroup (resp. Hausdorff topological unital semigroup) and π : T × X → X a jointly continuous
semigroup (resp. unital semigroup) action of T on X . If (X, T ,π) is a unital semiﬂow and T a topological group, then
(X, T ,π) is called a ﬂow.
Instead of (X, T ,π) we will often write (X, T ).
Example 1.6. Let X be a Hausdorff topological space and f : X → X a continuous map. Then the semiﬂow (resp. unital
semiﬂow) (X,N∗,π) (resp. (X,N,π)), where π(n, x) = f n(x) for all n ∈ N∗ (resp. n ∈ N) and all x ∈ X , is denoted by (X, f ).
If f is a homeomorphism of X , the ﬂow (X,Z,π), where π(n, x) = f n(x) for all n ∈ Z, x ∈ X , is also denoted by (X, f ). The
phrases “semiﬂow (X, f )”, “unital semiﬂow (X, f )” or “ﬂow (X, f )” serve to indicate if the action is by the elements of N∗ ,
N or Z respectively.
Deﬁnition 1.7. Let (X, T ,π) be a semiﬂow. For every t ∈ T the map πt : X → X , deﬁned by πt(x) = π(t, x) for every x ∈ X ,
is called the transition map deﬁned by t . For every x ∈ X the map π x : T → X , deﬁned by π x(t) = π(t, x) for every t ∈ T ,
is called the orbital map deﬁned by x.
We say that a semiﬂow (X, T ) is compact if X is compact and abelian if T is abelian.
Deﬁnition 1.8. Let (X, T ,π) be a semiﬂow (resp. unital semiﬂow).
(i) Let ∅ 	= A ⊂ X . We say that A is invariant if T A ⊂ A.
(ii) If ∅ 	= A is both closed and invariant, then the restriction π : T × A → A deﬁnes a jointly continuous semigroup (resp.
unital semigroup) action of T on A. The resulting semiﬂow (resp. unital semiﬂow) is called a subsemiﬂow (resp. unital
subsemiﬂow) of the semiﬂow (resp. unital semiﬂow) (X, T ).
Deﬁnition 1.9. Given a semiﬂow (X, T ), the orbit of a point x ∈ X is the set
T x = {tx | t ∈ T }.
The set T x is called the orbit-closure of x.
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x ∈ T x. For example, if T = (N∗,+) with the discrete topology and T naturally acts on itself, then for any x ∈ T , x /∈ T x.
Proposition 1.10. Let (X, T ) be a semiﬂow and x ∈ X. The set T x is invariant.
Proof. Let y ∈ T x and let t ∈ T . Then y = limα tαx for some net (tα) in T and so ty = t(limα tαx) = limα t(tαx) = limα(ttα)x.
Hence ty ∈ T x. 
Deﬁnition 1.11. (i) The semiﬂow (X, T ) is called minimal if there is no proper subset M ⊂ X which is nonempty, closed and
invariant. Equivalently, T x = X for all x ∈ X .
(ii) A subset M of X is called a minimal set of the semiﬂow (X, T ) if it is nonempty closed invariant and there is no
proper subset of M with these properties. Equivalently, M is nonempty closed invariant and the subsemiﬂow (M, T ) is
minimal. Another equivalent deﬁnition: M is nonempty and T x = M for every x ∈ M . We just say M is a minimal set if it is
clear from the context which semiﬂow this is related to.
Remark 1.12. (i) We emphasize that each minimal set is an orbit-closure. In some sources instead of a “minimal set” the
authors use the more descriptive terminology a “minimal orbit-closure”.
(ii) Every compact semiﬂow has a minimal set. This follows from Zorn’s lemma. More precisely, every nonempty closed
invariant subset of a compact semiﬂow contains a minimal set.
Proposition 1.13. Let (X, T ) be a unital semiﬂow. The following are equivalent:
(i) each T x is a minimal set;
(ii) the set {T x | x ∈ X} of orbit-closures is a partition of X .
Proof. (i) ⇒ (ii): Suppose (i) holds. The union of orbit-closures is the whole space X since (X, T ) is unital. Any two orbit-
closures are either disjoint or equal to each other due to minimality. Hence (ii) holds.
(ii) ⇒ (i): Suppose (ii) holds. If y ∈ T x, then T y = T x because of (ii). Hence each T x is minimal. 
Remark 1.14. Suppose (X, T ) is not unital.
(i) Then in the previous proposition still (ii) ⇒ (i) (the above proof works). However, (i) does not necessarily imply (ii).
For example, let T = N with the discrete topology and let xy = 0 for all x, y ∈ N. Then each T x is equal to {0}, which is a
minimal set. So (i) holds, but (ii) does not.
(ii) The condition (ii) from the previous proposition implies that x ∈ T x for every x ∈ X . Indeed, suppose (ii) holds. Let
x ∈ X . Then x ∈ T y for some y ∈ X . Hence T x ⊂ T y since T y is invariant (Proposition 1.10) and closed. Hence, by (ii),
T x = T y. So x ∈ T x.
Question 1.15. Let (X, T ) be a semiﬂow, M ⊂ X . Consider the following conditions:
(i) M is a minimal set of (X, T ).
(ii) M is nonempty closed and TU = M for every nonempty subset U of M which is open in M . Are these properties
equivalent to each other? If (X, T ) is a ﬂow, then they are (see [4], 2.12).
The condition (ii) implies the following condition:
(ii′) M is nonempty closed invariant and TU ⊃ M for every open subset U of X which contains at least one point of M .
However, these conditions are not equivalent, as observed by the referee who provided an example where (ii′) holds but
(ii) does not.
Deﬁnition 1.16. Let (X, T ) be a semiﬂow, x ∈ X and U a neighborhood of x. Then we deﬁne the dwelling set of x in U in the
following way:
D(x,U ) = {t ∈ T | tx ∈ U }.
2. Envelopes of g-syndetic subsemigroups of the acting semigroup
Deﬁnition 2.1. Let (X, T ) be a semiﬂow, x ∈ X and S a subsemigroup of T . Then the x-envelope Sx of S is deﬁned as
Sx = {t ∈ T | tx ∈ Sx}.
Theorem 2.2. Let (X, T ,π) be an abelian semiﬂow, x ∈ X and S a subsemigroup of T . Then Sx is a closed subsemigroup of T , con-
taining S, such that Sxx = Sx. Moreover, Sx is the largest subsemigroup of T with the property that the orbit-closure of x under that
semigroup is the same as the orbit-closure of x under S.
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Hence Sxx ⊂ Sx and so Sxx = Sx.
To show that Sx is a subsemigroup of T , it is enough to show that (Sx + Sx).x ⊂ Sx. For that purpose, let s, t ∈ Sx
and let U be a neighborhood of (s + t).x. We want to show that U ∩ (Sx) 	= ∅. Since t.(sx) ∈ U , there is a neighborhood
V of sx such that tV ⊂ U . Since sx ∈ Sxx ⊂ Sxx = Sx, V ∩ Sx 	= ∅. Hence there is a point v ∈ S such that vx ∈ V . Then
v.(tx) = (v + t).x = (t + v).x = t.(vx) ∈ tV ⊂ U , so there is a neighborhood W of tx such that vW ⊂ U . Since tx ∈ Sx,
W ∩ Sx 	= ∅. Hence there is a w ∈ S such that wx ∈ W . Now (v + w).x = v.(wx) ⊂ vW ⊂ U . Hence (v + w).x ∈ U ∩ Sx, so
U ∩ (Sx) 	= ∅.
The last sentence of the statement follows from the deﬁnition of Sx . 
Theorem 2.3. Let (X, T ,π) be a compact minimal abelian semiﬂow, S a g-syndetic subsemigroup of T . Then:
(i) If M is a minimal set under S and K a compact subset of T such that T = K + S, then {k.M | k ∈ K } is a partition of X into
S-minimal sets. Moreover, these are all of the minimal sets under S.
(ii) In particular, the orbit-closures under S form a partition of X .
(iii) A subset of X is minimal under S if and only if it is equal to Sx for some x ∈ X.
(iv) Sx = S y for any x, y ∈ X.
Proof. (i) Let M and K be as stated in (i). First we claim that for any t ∈ T , tM is a minimal set in (X, S). Indeed, let y ∈ tM .
Let x ∈ M be such that y = tx. We have Sx = M since M is minimal. Hence:
tM = t.Sx
= t.Sx (since πt is closed)
= (S + t)x (since T is abelian)
= S(tx)
= Sy.
The claim is proved.
Now the set KM is compact, hence closed. For any x ∈ M , T x = (K + S)x = K (Sx) ⊂ KM , hence X = T x ⊂ KM . Hence
X = KM . Hence {k.M | k ∈ K } is a partition of X into S-minimal sets. If N is a minimal set under S , then for any x ∈ N ,
x ∈ N ∩ kM for some k ∈ K . Since both N and kM are minimal, N = kM .
(ii) A subset of (X, S) is minimal if and only if it is the orbit-closure of each of its points. Hence (ii) follows from (i).
Note that we can now use Remark 1.14(ii) and claim that x ∈ Sx for every x ∈ X . We use this several times in the
remaining part of the proof.
(iii) The direction ⇒ clearly holds. Conversely, let x ∈ X and let y ∈ Sx. Since Sx is invariant (Proposition 1.10) and closed,
we have Sy ⊂ Sx. Hence, because of (ii), Sy = Sx.
(iv) Let x, y be any two elements of X . There is a k ∈ K such that k.Sx = Sy. Hence kx = y′ for some y′ ∈ Sy. Let t ∈ Sx .
Then:
ty ∈ t.Sy
= t.Sy′
= t.S(kx)
= (t + k).Sx (since πt is closed and T is abelian)
= k.S(tx)
= k.Sx′ (for some x′ ∈ Sx, since tx ∈ Sx)
= k.Sx (since Sx is a minimal set)
= Sy.
Hence Sx ⊂ S y . By symmetry, S y ⊂ Sx . Hence Sx = S y . 
Remark 2.4. I am not able to prove Theorem 2.3 if S is assumed to be syndetic instead of g-syndetic.
Deﬁnition 2.5. Let (X, T ) be a compact minimal abelian semiﬂow and let S be a g-syndetic subsemigroup of T . Then the
(X, T )-envelope (or, shortly, envelope) of S , denoted by S∗ , is the subsemigroup of T which is equal to Sx , where x is any
element of X .
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Deﬁnition 2.6. Let (X, T ) be a compact minimal abelian semiﬂow. A g-syndetic subsemigroup S of T is said to be (X, T )-
enveloped (or, shortly, enveloped) if S = S∗ .
Theorem 2.7. Let (X, T ,π) be a compact minimal abelian semiﬂow and S a g-syndetic subsemigroup of T .
(i) S∗ is a closed g-syndetic subsemigroup of T , containing S, such that S∗x = Sx for every x ∈ X.
(ii) S∗ is an enveloped subsemigroup of T and is the smallest enveloped subsemigroup of T containing S.
(iii) A set M ⊂ X is minimal under S if and only if it is minimal under S∗ .
(iv) Let K be a compact subset of T such that T = K + S∗ and let x ∈ X. Then a subset of X is minimal under S (and under S∗) if and
only if it has the form k.Sx, k ∈ K . These minimal sets form a partition of X .
Proof. (i) follows from Theorems 2.2 and 2.3.
(ii) We have:
(
S∗
)∗ = {t ∈ T | tx ∈ S∗x}
= {t ∈ T | tx ∈ Sx}
= S∗.
Hence (S∗)∗ = S∗ . So S∗ is an enveloped subsemigroup of T . Let E be an enveloped subsemigroup of T containing S . Then
E = E∗ = {t ∈ T | tx ∈ Ex} ⊃ {t ∈ T | tx ∈ Sx} = S∗.
Thus any enveloped subsemigroup of T , containing S , contains S∗ .
(iii) M is minimal under S if and only if Sx = M for every x ∈ M if and only if S∗x = M for every x ∈ M if and only if M
is minimal under S∗ .
(iv) By Theorem 2.3(iii), S∗x = Sx is minimal under S∗ , and so under S by (ii). Now by Theorem 2.3(i), {k.S∗x | k ∈ K } =
{k.Sx | k ∈ K } is the set of all minimal sets under S∗ , and so under S , and these sets form a partition of X . 
Let h be a homeomorphism of a topological space X . If we have a (unital) semiﬂow (X, T ,π) and deﬁne (X, T , σ ) by
σt = h ◦ πt ◦ h−1 for every t ∈ T , then it is easy to see that (X, T , σ ) is also a (unital) semiﬂow.
Proposition 2.8. Let (X, T ,π) and (X, T , σ ) be two semiﬂows on the compact space X, with the same acting abelian semigroup T .
Suppose that for some homeomorphism h of X, we have for every t ∈ T ,
σt = h ◦ πt ◦ h−1.
Let S be a g-syndetic subsemigroup of T .
(i) (X, T ,π) is minimal if and only if (X, T , σ ) is minimal.
(ii) Suppose that (X, T ,π) and (X, T , σ ) are minimal. Then S∗π = S∗σ , where S∗π is S∗ in (X, T ,π) and S∗σ is S∗ in (X, T , σ ).
Proof. We denote πt(x) by tx and σt(x) by tx.
(i) Suppose that (X, T ,π) is minimal. Let x ∈ X . We need to show that Tx is dense in X . It is enough to show that the
set {πt ◦ h−1(x) | t ∈ T } is dense in X . This follows from the fact that T .(h−1(x)) is dense in X since (X, T ,π) is minimal.
(ii) We have:
S∗σ = {t ∈ T | tx ∈ Sx}
= {t ∈ T ∣∣ (h ◦ πt ◦ h−1
)
(x) ∈ Sx
}
= {t ∈ T ∣∣ t.(h−1(x)) ∈ h−1(Sx)
}
= {t ∈ T ∣∣ t.(h−1(x)) ∈ h−1(Sx)
}
= {t ∈ T ∣∣ t.(h−1(x)) ∈ S.(h−1(x))}
= S∗π
(
calculated via the point h−1(x)
)
. 
296 A. Miller / Topology and its Applications 158 (2011) 291–2973. Some examples
Example 3.1. Let T = {z ∈ C | |z| = 1} and θ 	= 0 a real number. Consider the compact minimal abelian ﬂow (T,R,π), deﬁned
by π(t, z) = e2π itθ z, z ∈ T, t ∈ R. Let α 	= 0 be a real number. Consider the action of the syndetic subgroup Zα of R on T,
induced by π . The orbit in this action of an element z ∈ T has the form
Zα.z = {nα.z | n ∈ Z} = {e2π inαθ z ∣∣ n ∈ Z}.
Case 1: αθ ∈ Q. Suppose αθ = k/l, (k, l) = 1. Then every e2π inαθ = e2π ink/l is one of the elements 1, e2π ik/l, . . . , e2π i(l−1)k/l .
Hence
Zα.z = {z, e2π ik/l z, . . . , e2π i(l−1)k/l z}.
So Zα.z = Zα.z. To calculate (Zα)∗ it is enough to calculate (Zα)z for any z ∈ T, for example, (Zα)1. We have:
β ∈ (Zα)1 ⇔ e2π iβθ .1= e2π inαθ for some n ∈ Z ⇔ e2π iθ(β−nα) = 1⇔ θ(β −nα) = q for some q ∈ Z ⇔ β = 1
θ
q+nα ⇔ β ∈
Zα + Z 1
θ
= Z klθ + Z 1θ = Z 1kα.
Thus we have (Zα)∗ = Z 1kα, where αθ = k/l, (k, l) = 1.
Case 2: αθ /∈ Q. Then {e2π inαθ z | n ∈ Z} is dense in T for every z ∈ T, so Zα.z = T. Then (Zα)∗ = (Zα)1 = {β ∈ R |
e2π iβθ ∈ T} = R.
More concretely, let θ = 1. Then, for example: (Z 23 )∗ = Z 13 = (Z 13 )∗ , (Z
√
2 )∗ = R, etc.
Deﬁnition 3.2. Let (X, T ) be a semiﬂow. A point x ∈ X is said to be almost periodic if for every neighborhood U of x the set
D(x,U ) is syndetic. If X is a uniform space, the semiﬂow (X, T ) is said to be uniformly almost periodic (or, shortly, almost
periodic) if for every entourage α of the uniform structure of X there is a syndetic subset A of T such that for every x ∈ X ,
A.x ⊂ α[x].
If X is a compact topological space, we assume that X is equipped with the unique uniform structure which induces its
topology.
Example 3.3. Let (X, T ) be an almost periodic compact minimal abelian ﬂow with X disconnected. X can be written as a
disjoint union X = Y ∪ Z of two nonempty clopen sets Y and Z . Let α = (Y × Y )∪ (Z × Z). Since X is compact and α is an
open neighborhood of the diagonal X , α is an entourage of the unique uniform structure on X .
Claim. S =⋂x∈X D(x,α[x]) is a proper enveloped subgroup of T .
Since (X, T ) is almost periodic, S is a syndetic subset of T . Note that for y ∈ Y , α[y] = Y and for z ∈ Z , α[z] = Z . So
S = {t ∈ T | (∀y ∈ Y ) t.y ∈ Y and (∀z ∈ Z) t.z ∈ Z} = {t ∈ T | t.Y ⊂ Y and t.Z ⊂ Z} = {t ∈ T | t.Y = Y and t.Z = Z}. It follows
that t1, t2 ∈ S implies t1 + t2 ∈ S , and t ∈ S implies −t ∈ S . Thus S is a syndetic subgroup of T . Now consider any element
of X , for example some y ∈ Y . Since (X, T ) is a compact minimal abelian ﬂow, S∗ = S y = {t ∈ T | ty ∈ Sy} ⊂ {t ∈ T | ty ∈ Y }.
(This inclusion holds because Sy ⊂ Y and Y is closed.) Since this is true for any y ∈ Y , we have S∗ ⊂⋂y∈Y {t ∈ T | ty ∈ Y } ={t ∈ T | (∀y ∈ Y ) ty ∈ Y }. If we do the same thing for every z ∈ Z and combine the results, we get S∗ ⊂ S , hence S∗ = S .
To prove that S is proper, consider any y ∈ Y . Since (X, T ) is minimal and Z is open, there is a t ∈ T such that ty ∈ Z .
This t does not belong to S .
The claim is proved.
The next statement is a corollary of our statements in the previous section. It is an important tool in [2].
Corollary 3.4. ([2]) Let X be a compact space and f : X → X a continuous map. Suppose that (X, f ) is a minimal unital semiﬂow. Let
n 1 be an integer. Then for some positive integer k n and any f n-minimal set M we have each of the following:
(i) X is the disjoint union of M, f (M), . . . , f k−1(M).
(ii) Each of the sets M, f (M), . . . , f k−1(M) is clopen.
(iii) The collection {M, f (M), . . . , f k−1(M)} is the collection of all subsets of X which are f k-minimal and also the collection of all
subsets of X which are f n-minimal.
Also, for each x ∈ X, the closure of the f n-orbit of x is an f n-minimal set.
Proof. (X,N) = (X, f ) is a unital compact minimal abelian semiﬂow. Let S = nN. Every unital subsemigroup of (N,+) has
the form kN, k ∈ {0,1,2, . . .}. (We conclude this by noticing that if the smallest nonzero element of the subsemigroup is k,
then the subsemigroup is kN.) Hence S∗ = kN for some integer k > 0 (and then necessarily k|n). Let K = {0,1,2, . . . ,k − 1}.
Then K is a compact subset of T = N such that T = K + S∗ . Let x ∈ M . Then M = Sx. By Theorem 2.7(iii) and (iv), a subset
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form a partition of X . This proves (i) and (iii). Since there are ﬁnitely many of these sets and all are closed, they are all
clopen. This proves (ii). The last sentence follows from Theorem 2.3(iii). 
Remark 3.5. All of the sets M, f (M), . . . , f k−1(M) in the previous corollary are distinct. Indeed, suppose that f m(M) =
f m+l(M) for some m, l ∈ {0,1,2, . . . ,k − 1}. Then m.Sx = (m + l).Sx for any x ∈ M . Hence m.Sx = l.(m.Sx). The set m.Sx is
minimal by Theorem 2.7(iv). Hence for any y ∈m.Sx we get Sy = l.Sy. Hence ly ∈ Sy and so l ∈ S∗ . Hence l = 0.
The next statement is also a corollary of our previous section. It is coming from [6].
Corollary 3.6. ([6]) Let X be a compact space and f : X → X a continuous map. Suppose that the unital semiﬂow (X, f ) is minimal.
Let n > 1 be an integer.
(i) The collection of subsets of X that are minimal in the unital semiﬂow (X, f n) is ﬁnite and they form a partition of X .
(ii) Denote the number of minimal subsets of X under f n by f X (n). (The function f X : N∗ → N∗ is called the D-function of the
minimal unital semiﬂow (X, f ).) If (X, f n) is not minimal, then there is an integer k > 1 such that f X (k) = k and k|n.
Proof. Let T = N, S = nN and consider the unital compact minimal semiﬂow (X, T ) = (X,N) = (X, f ). Then (X, S) =
(X, f n).
(i) Follows from Theorem 2.3(i).
(ii) Let S∗ = kN and K = {0,1,2, . . . ,k − 1}. Then k|n (since S is a subsemigroup of S∗). By Theorem 2.7(iii) and (iv),
a subset of X is minimal under S (and under S∗) if and only if it has the form m.Sx, where m ∈ K (here x is any point
of X ). The sets m.Sx are all distinct (by Remark 3.5). Hence f X (k) = k. Moreover, k > 1 since these are all sets minimal
under S and (X, S) is not minimal. 
Remark 3.7. A theory of D-functions of the unital semiﬂows (X, f ) was developed by Ye (see [6]). He obtained a general-
ization of Sharkovskii’s theorem based on this notion. (See [1, p. 4] for the statement of Sharkovskii’s theorem.)
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